Modified scalar and tensor spectra in spinor driven inflation 
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C^i . One of the firm predictions of single-scalar field inflationary cosmology is the consistency relation 
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P_H ', between scalar and tensor perturbations. It has been argued that such a relation, if observationally 
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verified, would offer strong support for the idea of inflation. In this letter, we critically analyze 



— the validity of the consistency relation in the context of spinor driven inflation. The spinflaton 

- a condensate of the Elko field -- has a single scalar degree of freedom and leads to the same 
acceleration equation as the inflaton. We obtain the perturbation equations for the Einstein-Elko 



system and show that the scalar perturbations are purely adiabatic and the sound speed of the 
perturbations is identically one. We obtain the generalized Mukhanov-Sasaki equation for the 



> 

(f) | spinor driven inflation and show that, in the slow-roll limit, the scalar and tensor spectra are nearly 

<^ ' 

scale-invariant. We also show that spinor driven inflation naturally predicts running of spectral 



indices and the consistency relations for the spectra are modified. 
PACS numbers: 98.80.Cq, 14.60.-z, 04.62. +v 



Current address: School of Physics, Indian Institute of Science Education and Research (USER), CET 
Campus, Trivandrum 695016, India 



Observations of the cosmic microwave background (CMB) temperature variations, com- 
bined with measurements of the large scale structure (LSS), strongly favor a period of ac- 
celerated expansion in the early universe — the inflationary paradigm [1]. The inflationary 
epoch magnifies quantum fluctuations into primordial classical perturbations that leave an 
imprint as anisotropics in the CMB and seed the LSS. Slow-roll inflation predicts that the 
primordial perturbations are scale-invariant. 

Although the current observations lend great support to the inflationary paradigm, infla- 
tion has several theoretical problems to address, including, the hierarchy problem, reheating 
problem and trans-Planckian problem [2]. The questions often seem related and linked to the 
fundamental issue: What is the nature of the inflaton (field that dominates during inflation) 
[3]? 

Specifically, it is still unclear whether the inflaton (<p c ) which appears in the acceleration 
equation: 

wrm^-^ M « s(8riJ)_1 (1) 

(where c — H — 1, V((p c ) is the inflaton potential) is a fundamental scalar field or an 
effective description of several fields. Although, originally, the inflaton was considered to 
be a fundamental scalar field, there is more theoretical evidence that it can at best be an 
effective one. The different approaches that have been adopted in the literature can be 
classified into three categories: (i) f(R) gravity models [4], (ii) Multiple scalar fields [5], (iii) 
Higher spin fields, for example, vector fields [6]. 

However, the possibility that the scalar field is a condensate of spinors has received 
less attention in the literature. This can be attributed to one or several of the following 
reasons: (i) Difficult to obtain a consistent solution of the Einstein-Dirac system for an 
FRW background [7, 8]. (ii) Standard model spinors do not lead to 60 e-foldings of inflation 
[9-11]. (iii) Deriving the metric perturbations and the perturbations of the spinorial part 
of the field is difficult. In fact, to our knowledge, such an analysis has not been done in the 
literature. 

In this work, we show that the scalar field (</?) as a fermion condensate is a viable model of 
inflation. The physical picture is the following: Like in superconductivity, the spinors form 
a condensate which dominates in the early universe. In the FRW background, the symmetry 
demands that the spinors depend on a single scalar degree of freedom (which we refer to 



as the spinflaton). Interestingly, the spinflaton leads to the same acceleration equation (1), 
where V(ip) is the potential of the condensate. For specific form of metric perturbations, 
the perturbations effectively has a single degree of freedom. 

The fermions we consider, in this work, are non-standard Wigner-class spinors. These 
were recently discovered by Ahluwalia-Khalilova and Grumiller [12], and referred to these 
spinors as Elko [A]. Elko differs from the standard model spinors [12]: (i) Elko is an eigen- 
spinor of charge conjugation operator and has mass dimension one. (ii) They obey the 
unusual property (CPT) 2 = —1. (iii) The dominant interactions of Elko with standard 
matter field take place through the Higgs doublet or via gravity. These spinors were originally 
introduced in Refs. [12] as a plausible dark matter candidates. 

In this work, we show that: (i) As in single scalar field inflation, the tensor and scalar 
perturbations are generated from the spinflaton are not independent, leading to modified 
consistency relations, (ii) The perturbations generated during the inflation are purely adia- 
batic on large scales, (iii) The scalar and tensor spectra are nearly scale invariant and lead 
to running of indices. 
Set-up: We consider the following 4-dimensional action: 



S = Id x^f—g 



— R + £ c iko 
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where the Lagrangian for the Elko field is given by [12] 

"1 

T 

VfiX) is the potential of the Elko field, A is the elko dual [defined in Eq. (6)] and the 
covariant derivatives are 

£ M A = ($„ + %) \(x) ; 2) M A = A'(x) (V„ - fi„) , (4) 

where the tangent space connection 1 Q^ is 

fy = ~\ (e aa elY« v - eld,e au ) S ab , S ab = l -[ 7 a , 7 b ] (5) 

is the generator of the Lorentz transformations and 7's are the Dirac matrices in the Weyl 
representation. 



1 The vierbeins (e") satisfy the orthonormality relations g M „ = e a e h v ri a b, ff h — e^e^g^. In this work, 
T M (7 a ) corresponds to spinors in curved(Minkowski) space-time, Greek (Latin) alphabets correspond to 
the space-time (internal) indices, spinors in curved and Minkowski space-time are related by T^ — e£"/ a 
and satisfy the extended Clifford algebra {1^,1^} = 2g' iV l, {-y a ,-y b } = 2r] ab t. 



As mentioned, Elko is an eigen-spinor of the charge conjugation operator and has the 
following form [12, 13]: 



j A»=,(^ t ±^V 2 ) 



A(x) = | ±a2 ^ | A» = i ( C ' ± <%' ' °2 ) (6) 



where o"2 is Pauli matrix, +(— ) correspond to the (anti-)self conjugate spinor with respect 
to the charge conjugation operator, and subscript L refers to left-handed spinor. [Similar 
definitions hold for right-handed spinor.] 

The following points are worth noting regarding the form of Elko: (i) 0^ , 0l re f er to 
the two different choices of helicities. Unlike standard spinors, the two helicities are to be 
treated differently, which is due to the fact that Elko is not the eigen spinor of the helicity 
operator, (ii) The form of Elko (6) is different from the standard model spinors. In order to 
have a real norm, Elko duals (A 1 ) are constructed differently compared to the Dirac adjoint, 
i.c 

A A = if (x) , ip is a real scalar . (7) 

(iii) Elkos have four complex functions; not all of them are independent and related by the 
above constraint. 

Our aim is to study the evolution of perturbations of the Elko during spinor driven 
inflation. To linear order in fluctuations (and neglecting vector modes), the line element - 
in the longitudinal gauge — for a spatially flat FRW background can be written as [14]: 

ds 2 = a 2 {(1 + 2$)oV - [(1 - 2V)6ij + h^dx'd^} , (8) 

where $, \P are the Bardeen potentials and represent the scalar sector, and the traceless and 
transverse tensor hij {hi = h^ = 0), represents the tensor sector, i.e. the gravitational 
waves, i] = j[dt/a(t)] is the conformal time, the Hubble rate is H = a/ a = Ha, % = a' /a 
and a prime refers to derivative with respect to rj. In this work, we present the key results 
and their implications, the detailed calculations will be presented in Ref. [15]. 
Homogeneous and isotropic background: First, let us study the evolution of Elko in the FRW 
background. [Variables with an over-bar are evaluated in the FRW background.] Using the 



following form for the background Elko 
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where a 1 
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1 + \/3, the equations in the FRW background are given by: 
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The following points are worth noting regarding the above results: (i) The form of back- 
ground Elko (9) is different from that used by Boehmer [10, 11]. Unlike the one used in 
Refs. [10, 11], these do not introduce any preferred direction when studying the perturba- 
tion equations, (iii) The background Elko (and its dual) depends on a single scalar function 
(ip) satisfying A 1 A = Tp 2 {rj). This can be interpreted as an Elko-pair (similar to Dirac-pair) 
forming a scalar condensate — spinflaton. (iii) As mentioned earlier, the acceleration equa- 
tion for the spinflaton (10b) is identical to Eq. (1). However, the Friedmann (10a) and 
spinflaton (10c) equations have non-trivial corrections due to Elko. The Elko modification 
to the canonical inflaton equations are determined by J 7 , (iv) Slow-roll parameters for the 
spinflaton are given by: 
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(Hb) 

(lie) 



7p /2 /2 + a 2 V(v?) ' ~ can ~ can lUe^ 
Note that the de Sitter solution derived by Boehmer [11] satisfies the above slow-roll con- 
ditions, (v) Assuming that the slow-roll parameters are small (e, \b\ <C 1), the number of 
e-foldings of inflation is given by: 

2 r dip V 



Nffl 
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(12) 



Using the fact that G(Tp) is strictly negative, we note that the potentials satisfying slow-roll 
for the canonical scalar field will lead to a longer period of inflation and hence can lead to 
more than 60 e-foldings of inflation, (v) It is important to note that, even if, J 7 is small, 
presence of 1/Tp' in Eq. (10c) can introduce large, non-trivial corrections to the perturbation 
equations. In the case of canonical scalar field, the de Sitter solution is possible only for 
U(y9 cal ) = constant and </? cal = constant. In the case of Elko, the de Sitter solution obtained 
by Boehmer [11] requires the condensate potential to be 3q 2 M 2 +^-(f 2 where q is a constant. 
As we show explicitly, the Elko corrections play a significant role in the power spectra. For 
instance, the running of spectral index is due to the corrections from the Elko 
Perturbations: The perturbed Einstein equations provide us with the equations of motions 
for the cosmological perturbations. At the linear level, scalar and tensor perturbations 
decouple and can be treated separately. As in standard inflation, the tensor perturbations 
do not couple to the energy density and pressure inhomogeneities. They are free gravitational 
waves and satisfy: 

n" + (k 2 -^4)u T =0. (13) 



The main hurdle in obtaining perturbation equation for the scalar perturbations is the 
perturbed stress-tensor for the Elko. Unlike the scalar field, which has only one degree of 
freedom, Elko, in general, has four complex functions; not all of these are independent and 
are related by constraints 2 . The most general perturbed Elko can lead to the scalar and 
vector perturbations. Besides, it can also lead to a non-vanishing anisotropic stress. 

In this work, (i) we assume that the anisotropic stress of the perturbed Elko (and its dual) 
is identically zero. In other words, in the limit of $ = \l/, the stress-tensor of the mixed 
space-space components must vanish, (ii) We extract the scalar part of the perturbations 
from the (Oi) perturbation equation. In other words, (Oi) equation should only contain a 
spatial derivative and the terms with out the spatial derivatives must vanish, (iii) Following 
(7), the perturbed Elko must satisfy X5X + SXX = 2Tp5(p where 5(p(x) is the perturbed scalar 
condensate. The above conditions ensure that the perturbation of Elko-Einstein system leads 
to a consistent linear order perturbation equations with a single scalar degree of freedom. 



2 It is incomplete to study the perturbation of the effective scalar-field equation and then derive the 
Mukhanov-Sasaki equation. This is because, unlike Klein-Gordan field, the effective scalar equation we 
have obtained is only valid for the FRW background and not for any general curved space-time. 



The perturbed Elko (and its dual) which satisfy all the above conditions is: 



where 



such that 



F[T] = Q, [£!*» Sep, (x) + i 7 5 #* ty a 0*0] u^ , 
F[T] = 2V3Q 2 [S^ 5ip 3 (x) + i 7 5 IF 5ip 4 (x)] UfM , 
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(14) 

(15a) 
(15b) 
(15c) 

(15d) 



(16a) 
(16b) 



The above choice of perturbed Elko (14) is inspired by the Hedgehog ansatz [16] and has 
the following features: (i) In the above expression, the partial derivative of the perturbed field 
Stfi2 is w.r.t the coordinate axis (z). This implies that the effective perturbation equations 
has a directional dependence as in the case of vector inflation [6]. (ii) The perturbed Elko 
and its dual are related to six unknown scalar functions (Stp 1 ,Stp 2 ,S(p 3 ,Stp 4 ,r l ) by Lorentz 
boost S VIM and the rotations 7 5 i? A \ (iii) Q t scales the perturbed Elko and its dual differently. 

Substituting the above form of perturbed Elko in the scalar perturbed Einstein equations 



lead to the following set of equations: 
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where T e = T jiT + e). 

The above equations are the first key results of this letter, regarding which we would 
like to stress the following points: (i) To our knowledge, this is the first time cosmological 
perturbation equations have been derived for any spinor field. For simplicity, we have 
rewritten the above equations in terms of slow-roll parameter {£) and have not assumed 
the condition that e< 1 i.e. these equations are exact, (ii) These equations clearly show 
that the effective perturbations of the Elko can be represented as a single scalar degree of 
freedom (Sip). Note that as in canonical scalar field inflation, (^f,Sip) are not independent 
and related by (17b). (iii) Eq. (16b) indicates that the perturbed condensate introduces a 
preferred symmetry. However, it does not appear in the linear perturbation equations (17). 
This is similar to the unperturbed ansatz used by Boehmer [10, 11] which did not affect the 
background dynamics, but which, breaks the isotropy in the perturbations, (iv) As shown by 
Eq. (17d), the sound speed of perturbations for the Elko is identical to that of the canonical 
scalar field, (v) In the slow-roll limit, the non-adiabatic part of the perturbations vanishes on 
super-Hubble scales i.e., the entropy perturbation oc V 2x I/. (vi) The terms e\/ r T^,J 7 £ are of 
the same order 3 as s . These terms introduce non-trivial corrections to Mukhanov- Sasaki 

can 

(MS) equation. 



For the choice e can ~ 0.1, J"- 0.01, we get y/T~ e e~ 0.03,7* e ~ 0.1. 



Power spectra: The scalar perturbation equations (17a-17d) are complicated and, as men- 
tioned earlier, (\1/, 5(p) are not independent. In order to extract the physical content and 
obtain the scalar power spectra transparently, it is necessary to rewrite these equations in 
terms of the MS variable (Q) which is linearly related to the curvature perturbation TZ [14]. 
Unlike the canonical scalar field, here it is not possible to obtain the MS variable using the 
gauge transformation properties of the metric and spinors. However, it is possible to obtain 
7Z. Using the fact that Q is related to TZ, the MS variable for the Elko condensate, with an 
overall factor, is given by: 



Q = a S(p + z \& where z = [1 — F £ ] (aip')/'H . 



(18) 



Substituting Q and z in Eqs. (17), the MS equation is: 
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(19) 



The above equation is the second key result of this letter. We would like to stress the 
following points: (i) We have ignored the contributions of higher-order slow-roll functions 
like e 2 J r £ , T e . In the leading order slow-roll approximation, their contribution to the scalar 
power spectrum is tiny, (ii) The Elko modification to the canonical MS equation is deter- 
mined by J 7 , (iii) Unlike the canonical scalar field, Eq. (19) contains terms other than z" / z. 
This is due to the fact that we have obtained Q and z by relating to TZ, and not by using 
the gauge transformation properties. 

Invoking the slow-roll conditions (e, |<5| <C 1) in the scalar (19) and tensor perturbation 
equations (13) -- and following the standard quantization procedure by assuming Bunch- 
the scalar and tensor power spectra are given by: 
H 2 \ fe + F" 
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where cq = 7 Eulor + In 2 — 2 is a constant, x = ln(k*/k) and k* is the pivot scale. 

Eqs. (20, 21) allow us to draw important conclusions which are the third key result of 
this letter. Firstly, the scalar and tensor power spectra of the spinflaton, in slow-roll, are 
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nearly scale-invariant. The scalar and tensor spectral indices, expressed in terms of e can , 5 can , 
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Note that e T e and e have similar contributions. Secondly, in the leading order of e , 
the running of spectral indices are non-zero and given by 
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It is interesting to note that the running of scalar spectral index (—0.09 < dris/d(ln k) < 
0.019) is consistent with the WMAP-5 year results [1]. For instance, using the WMAP value 
°f e can = 0.038 [1] and assuming that F is tiny, we get dns/d(\nk) ~ —0.019. This is the 
one of the main predictions of spinor driven inflation. Other observational implications of 
the running will be discussed in Ref. [15]. 

Thirdly, the tensor-to-scalar ratio r is no longer equal to 16e can and is given by: 



r ~ 16 e [1-2JV 



(24) 



Physically, this suggests that the gravitational wave contribution during slow-roll spinor 
driven inflation is smaller than for canonical inflation. Lastly, as for the canonical scalar 
field, the scalar and tensor perturbations during spinor driven inflation originate from the 
scalar condensate and they are not independent. Hence, consistency relations link them 
together. The one which is observationally useful is the relation between n T and r. Using 
Eqs. (22b, 24), we get: 
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(25) 



To conclude, for the first time, we have studied the linear cosmological the metric per- 
turbations and the perturbations of the spinorial part of the field. With in the frame work 
of the Elko forming a scalar condensate, we have shown that spinflaton can lead to at least 
60— e foldings of inflation and that the primordial spectra, in the slow-roll limit, are nearly 
scale invariant. We have shown that the spinor driven inflation predicts a running of scalar 



10 



spectral index consistent with WMAP-5 year data. We have also shown that the consistency 
relation has a non-trivial relation between n„,r, J 7 , e and S . 

1 ~ i i can can 
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